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Answer all questions.

(1)

(2)

Show that if K|F is a Galois extension, and F’|F any extension, the com-
positum extension K F'|F is a Galois extension with Galois group isomor-
phic to a subgroup of Gal(K|F). (7)

(a) Determine the Galois group of the cyclotomic field Q(¢,) over Q, where
(n, denotes a primitive nth root of unity.

(b) Determine intermediate fields of the extension Q((7) over Q.

(c) Show that each of these intermediate extensions are simple, by finding
primitive elements. (5+5+5)

Prove that every finite group occurs as the Galois group of some field ex-
tension. (8)

Prove that the polynomial 2" — z over F,, is the product of all distinct
irreducible polynomials in F,[z] of degree d, where d runs over all divisors
of n. (10)

(a) Define discriminant D¢ of a polynomial f(x).

(b) Let char(F) # 2 and let f(z) be a separable polynomial of degree n.
Show that the Galois group of f(x) over F is a subgroup of the alternating
group A, (C S,) if and only if D is a square in F. (34+12)

(a)Define a cyclic extension.

(b) Show that any cyclic extension of degree n over a field F', of character-
istic not dividing n, which contains the nth roots of unity, is of the form
F(</a) for some a € F. (34+12)

(a) Define root extension of a field F'.
(b) Let K|F be a root extension. Then show that there exists an extension
L|K such that L|F is a Galois root extension. (34+12)

Show that the roots of the polynomial f(z) = 2° — 6x + 3 over Q[x] cannot
be expressed by radicals. (15)
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